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We describe in detail gravitational wave bursts from Primordial Black Hole (PBH) hyperbolic
encounters. The bursts are one-time events, with the bulk of the released energy happening during
the closest approach, which can be emitted in frequencies that could be within the range of both
LIGO (10-1000Hz) and LISA (10−6 − 1 Hz). Furthermore, we correct the results for the power
spectrum of hyperbolic encounters found in the literature and present new exact and approximate
expressions for the peak frequency of the emission. Note that these GW bursts from hyperbolic
encounters between PBH are complementary to the GW emission from the bounded orbits of BHB
mergers detected by LIGO, and help breaking degeneracies in the determination of the PBH mass,
spin and spatial distributions.
I. INTRODUCTION
In the last couple of years, Advanced LIGO has
brought forward a new era of Gravitational Wave Astron-
omy, with the observation of several massive Black Hole
(BH) merger events [1–5], as well as the recent detection
of a binary neutron star inspiral [6], which opened the
era of Multimessenger Astronomy [7]. In the case of the
BH mergers, the signal corresponds to the inspiralling of
two massive BHs in approximately circular orbits, and
the emission of gravitational waves (GW) leading to the
final merger is in excellent agreement with the expected
result from General Relativity (GR).
Since the large number of massive BH binaries were
unexpected, see however [8], they seem to hint at a new
population of massive BHs. This opens fertile ground
for speculating that AdvLIGO could have observed Pri-
mordial Black Holes (PBH) as a significant fraction of
Cold Dark Matter (CDM) [9–11], thus offering a viable
alternative to modifications of gravity or exotic particles
beyond the standard model. For the effect of primordial
black holes on structure formation see also Ref. [12–14].
Moreover, the PBH might also serve as the seeds for the
Supermassive Black Holes (SMBH) located in the centers
of the galaxies [15, 16], as well as providing coherent ex-
planations for a host of other problems in the standard
cosmological model, such as the too-big-to-fail and the
missing-satellite problems [17].
In the case of micro-clustered PBH, as proposed in
Ref. [16], one would expect that a large fraction of BH
encounters will not end up generating bounded systems,
but instead just a hyperbolic encounter with emission of
GW bremsstrahlung. This is what actually happens if
the relative distance or velocity of the two bodies is too
high for a BH capture. This case has already been stud-
ied in the past in Refs. [18], and [19, 20], for parabolic
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and hyperbolic encounters respectively. These events
produce enormous bursts of gravitational waves, which
can in principle be bright enough to be detected at cos-
mological distances [21, 22], see also [23] for detection
rate estimates from parabolic encounters. The specific
waveform of the GW event can be obtained analytically,
without the need for computationally-expensive numer-
ical relativity codes, and used to match the coincident
event in the three LIGO+Virgo detectors.
It should be noted, however, that the full expression for
the power emitted in GW, i.e. the Fourier spectrum of
the GW emission, in the case of a hyperbolic encounter
given by Eq. (3.11) of Ref. [20] is incorrect.1 This mi-
nor error seems to have escaped the authors as their ex-
pression gives the correct limit in the case of parabolic
orbits, and in their paper they only considered eccentric-
ities higher than two, due to the choice of the parameters
for the astrophysical system considered. We will present
the correct expressions, which also have all the correct
limits and no singularities, in the Appendix.
Furthermore, in the micro-clustered PBH scenario [17],
we note that for hyperbolic encounters, the character-
istic time parameters, as well as the waveform, of the
GW emission are very different from those of inspiralling
PBH binaries. Furthermore, they provide complemen-
tary information which can in principle be used to break
degeneracies and estimate the mass, spin and spatial dis-
tribution of PBHs as a function of redshift.
The main characteristic of hyperbolic encounters, and
the main reason they could be so useful, is that they
are one-time events where the main bulk of the energy
is released near the periastron. These events also have
a uniquely identifiable peak frequency which depends on
just the total mass of the system M , the relative velocity
v0 and the impact parameter b. It should be noted that
inspiralling and merging PBH has already been studied in
1 This can easily be checked, since for eccentricity e = 2 there is
an unphysical pole in the emitted power.
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2the literature, see for example Refs. [10, 24], where the es-
timated rate was in the range of tens of events/year/Gpc3
for MPBH ∼ O(10 − 100)M. In Ref. [25] is was
shown that, within the range of parameters of the micro-
clustered PBH scenario [10, 16], the rate of GW burst
events in the millisecond range is of the same order of
magnitude, if somewhat lower. Nevertheless, for a large
fraction of hyperbolic events, the maximum amplitude is
well within the noise of the LIGO detectors and with-
out a proper waveform analysis will be very difficult to
detect, while in BH spiralling events due to its periodic
nature an long duration are much easier to detect.
As described in Ref. [25], hyperbolic encounter events
would be detected by future gravitational wave experi-
ments as bursts with a characteristic frequency at peak
strain amplitude. Actually, AdvLIGO has already re-
ported a few events of this type, which were then at-
tributed to noise in the detectors [26]. However, events
from hyperbolic encounters of PBH create shapes similar
to the “tear drop glitch” analyzed in Ref. [27].
Therefore, in this paper we continue our analysis of
those events, under the assumption that they are actu-
ally PBH hyperbolic encounters as their time-frequency
profiles could shed light in the understanding of the Ad-
vLIGO glitches. Finally, if it turns out that the glitches
currently observed in AdvLIGO indeed originate from
PBH hyperbolic encounters, then this fact could be used
to determine the parameters describing the PBHs them-
selves, i.e. their spatial distribution, velocity and mass.
The layout of our manuscript is as follows: In Sec. II
we discuss and review the basic relations that determine
the geometry and physics of hyperbolic encounters, while
in Sec. III we present the corrected expressions for the
power spectrum for the emission but also the new an-
alytic expressions for the frequency at peak amplitude.
In Sec. IV we present the observables that could be ex-
tracted from this system while we summarize and present
our conclusions in Sec. V.
II. BASIC RELATIONS AND CONSTRAINTS
Consider a hyperbolic encounter between a massive
body m2 with asymptotic velocity v0 against a compact
mass m1. The total mass is given by M = m1 +m2 and
the reduced mass is µ = m1m2/M . Let us assume an
impact parameter b as in Fig. 1. Then, the eccentricity
of the hyperbolic orbit is given by
e ≡
√
1 +
b2
a2
=
√
1 +
b2v40
G2M2
> 1 . (1)
The orbital trajectory is characterized in polar coordi-
nates by
r(ϕ) =
b sinϕ0
cos(ϕ− ϕ0)− cosϕ0 =
a (e2 − 1)
1 + e cos(ϕ− ϕ0) , (2)
where the relation between the impact parameter b and
the semimajor axis a is given by (1), and the angle ϕ0 is
FIG. 1: The scattering of one BH of mass m2 on another of
mass m1 induces the emission of gravitational waves which is
maximal at the point of closest approach, rp.
given by
ϕ0 = arccos
(
−1
e
)
, (3)
while the distance of maximum proximity is given by
rmin = a (e− 1) = b
√
e− 1
e+ 1
> Rs ≡ 2GM
c2
. (4)
Conservation of angular momentum implies b v0 =
rmin vmax. We must impose that vmax < c or
β ≡ v0
c
<
√
e− 1
e+ 1
, (5)
which substituted into (1) gives
b > Rs
(e+ 1)3/2
2(e− 1)1/2 , (6)
which is a factor (e+ 1)/2 stronger than (4).
A. Amplitude and power emitted in GW
The reduced quadrupole moment of the system is given
by
Qij = µ r
2(ϕ)

3 cos2 ϕ− 1 3 cosϕ sinϕ 0
3 cosϕ sinϕ 3 sin2 ϕ− 1 0
0 0 −1
 . (7)
and the power emitted in GW is then given by
P =
dE
dt
= − G
45c5
〈
···
Qij
···
Q ij〉 = 32Gµ
2v60
45c5 b2
f(ϕ, e) , (8)
3f(ϕ, e) =
3 (1 + e cos(ϕ− ϕ0))4
8(e2 − 1)4
[
24 + 13 e2
+48 e cos(ϕ− ϕ0) + 11 e2 cos 2(ϕ− ϕ0)
]
(9)
and the strain amplitude by
hc =
2G
Rc4
〈Q¨ijQ¨ij〉1/2i,j=1,2 =
2Gµv20
Rc4
g(ϕ, e) , (10)
g(ϕ, e) =
√
2
e2 − 1
[
36 + 59 e2 + 10 e4
+(108 + 47 e2) e cos(ϕ− ϕ0) (11)
+59 e2 cos 2(ϕ− ϕ0) + 9 e3 cos 3(ϕ− ϕ0)
]1/2
where f(ϕ, e) and g(ϕ, e) are complicated bell-shaped
functions of the angle ϕ, symmetric around ϕ0, see Fig. 2.
The maximum values occur for ϕ = ϕ0, and only depend
on the eccentricity of the orbit,
fmax(e) =
9(e+ 1)2
(e− 1)4 , (12)
gmax(e) =
2
e− 1
√
18(e+ 1) + 5e2 . (13)
The time dependence of these functions can be deter-
mined from the relation between angle and time,
t =
b
v0
∫
sin2 ϕ0 dϕ
(cos(ϕ− ϕ0)− cosϕ0)2 (14)
=
b
v0 e2
[
e sin(ϕ− ϕ0)
1 + e cos(ϕ− ϕ0) −
2
e+ 1
tan
ϕ− ϕ0
2
]
.
The functions f(ϕ, e) and g(ϕ, e) are shown in Fig. 2.
The origin of time is chosen to correspond to maximum
proximity (ϕ = ϕ0).
In Fig. 3 we show the strain hc as a function of the
frequency f (left) and the frequency as a function of time
t (right) for an eccentricity of e = 1.3. Specifically, we
have used 2pif = ω and the formulas
f
fmax
=
(
1 + e cos(φ− φ0)
1 + e
)2
, (15)
and
hc
hc,max
=
g(φ, e)
gmax(e)
. (16)
1. LIGO range
Let us take, for example, the hyperbolic encounter of a
black hole of mass 30 M moving at v0 = 0.01 c towards
!4 !2 0 2 40
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FIG. 2: The time dependence of the emitted power and strain
amplitude of GW in hyperbolic encounters, for the case e = 2.
another black hole of the same mass, with impact pa-
rameter b = 10−2 AU. The eccentricity of the hyperbolic
orbit is e = 1.00014 and the maximum power emitted is
given by
Pmax = 2.97× 1042 erg/s
(
10−2 AU
b
)2
(17)
×
(
µ
15M
)2(
β
0.01
)6
(e+ 1)2
(e− 1)4 .
In general we have
e2 = 1 +
(
b
10−2 AU
)2(
β
0.01
)4(
1M
M
)2
(18)
We can also compute the maximum stress amplitude
that such an event would induce on a laser interferometer
on Earth, at a distance R = 1 Gpc,
hmaxc = 1.63× 10−22
µ
15M
Gpc
R
(
β
0.01
)2
gmax(e)
108.5
,
(19)
which is perfectly within the sensitivity of LIGO.
The duration of the event can be easily computed from
(14), as the time it takes to half the power (8) after max-
imum, and is given by
∆t ' 50 ms b
10−2 AU
0.01
β
h(e)
10−4
, (20)
where
h(e) =
2(21/3 − 1)(e− 1)
e2(e+ 1)1/2(27/6 + (21/3 − 1)e− (21/3 + 1))1/2 .
(21)
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FIG. 3: The normalized strain hc as a function of frequency (left) and the frequency in units of the maximum frequency as a
function of time (right) for an event with β = 0.1, M = 60M, b = 5× 10−5 AU and eccentricity e = 1.3.
The maximum frequency ω = 2pi f is given by
ωmax(e) =
v0
b
(
e+ 1
e− 1
)
(22)
= 20 Hz
(
10−2 AU
b
)(
β
0.01
)(
e+ 1
e− 1 × 10
−4
)
,
which lies perfectly within the LIGO sensitivity band for
close to parabolic encounters.
We have plotted in Fig. 4 the trajectory of a typi-
cal event within the AdvLIGO detector, parameterized
as the strain hc(f)/
√
Hz as a function of frequency, for
β = 0.1, M = 60M, b = 10−5 AU. Note that the
event is fully contained within the AdvLIGO sensitiv-
ity, for a maximum frequency fmax = 4.6 kHz, and a
duration of half a millisecond. The event has two stages,
the “chirp” of growing amplitude as the frequency in-
creases to a maximum, and the “anti-chirp” from this
maximum frequency and amplitude to disappearance at
low frequencies. Such events should be clearly distin-
guishable with AdvLIGO+Virgo, searching for bursts in
coincidence between the three detectors, within 10 ms
and 25 ms respectively.
2. LISA range
Let us consider here an encounter of an IMBH of mass
m2 = 10
3M and a SMBH of mass m1 = 106M. The
impact parameter of b = 4 AU and velocity v0 = 0.05 c
gives an eccentricity parameter of e = 1.414 and a maxi-
mum power emitted
Pmax = 4.42× 1043 erg/s
(
4 AU
b
)2
(23)
×
(
µ
103M
)2(
β
0.05
)6
fmax(e)
1782
,
which is 1.13×1010 times larger than the solar luminosity.
In general we have
e2 = 1 +
(
b
1 AU
)2(
β
0.01
)4(
104M
M
)2
(24)
The maximum stress amplitude that such an event
would induce on a laser interferometer on Earth, at a
distance R = 1 Gpc,
hmaxc = 2.58× 10−21
µ
103M
Gpc
R
(
β
0.05
)2
gmax(e)
10.34
,
(25)
which is perfectly within the sensitivity of LISA.
The duration of the event can be easily computed from
Eq. (14), and in this case it is given by
∆t ' 11.1 hours b
4 AU
0.05
β
h(e) , (26)
and the corresponding maximum frequency is
ωmax = 1.4× 10−3 Hz
(
1 AU
b
)3/2(
M
106M
)1/2
(27)
which lies perfectly within the LISA sensitivity band.
Alternatively, we can consider an encounter between
two supergiants of equal masses m1 = m2 = 2× 106M,
with an impact parameter b = 10 AU and relative veloc-
ity v0 = 0.05 c. The eccentricity is low, e = 1.179, and
the stress amplitude is huge
hmaxc = 2.88× 10−18
µ
106M
Gpc
R
(
β
0.05
)2
gmax(e)
11.52
,
(28)
perfectly detectable by LISA, with a duration of 1.16
days, and a peak power Pmax ' 6.4 × 1055 erg/s, at
ωmax = 1.41 × 10−4 Hz, right in the middle of LISA
sensitivity. Such an event would be clearly distinguish-
able.
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FIG. 4: The strain hc/
√
Hz as a function of frequency in Hz,
for β = 0.1, M = 60M, b = 10−5 AU, which gives e = 1.014.
Note that the event is fully contained within the AdvLIGO
sensitivity, for a maximum frequency fmax = 4.6 kHz, and a
duration of half a millisecond.
III. FREQUENCY DOMAIN
In this section we present the corrected expressions
for the power spectrum for the emission, with respect to
those of Ref. [20] but also the new analytic expressions
for the frequency at peak amplitude. The main results
are presented below, but some useful formulas and more
complicated proofs are given in Appendix A.
The power spectrum can be obtained from the Fourier
transform of the energy emission in the time domain, af-
ter also taking into account Parceval’s theorem (see Ap-
pendix A):
∆E =
∫ ∞
−∞
P (t) dt =
1
pi
∫ ∞
0
P (ω) dω. (29)
In the case of hyperbolic encounters between two bod-
ies with masses m1, m2 the total energy released via grav-
itational waves is given by [20]:
∆E = − 8
15
G7/2
c5
M1/2m21m
2
2
r
7/2
min
f(e), (30)
where rmin is the minimum distance of the encounter
and is related to the impact parameter and the relative
velocity at infinity v0 by
b2 = r2min
(
1 +
2GM
v20 rmin
)
, (31)
Then, the factor f(e) and the initial eccentricity of the
system are given by [20]
f(e) =
1
(1 + e)7/2
[
24 arccos
(
−1
e
)(
1 +
73
24
e2 +
37
96
)
+
√
e2 − 1
(
301
6
+
673
12
e2
)]
, (32)
and
e =
√
1 +
2EL2
G2µ(m1m2)2
. (33)
However, after the close encounter, the system will lose
energy and angular momentum due to GW emission, so
the eccentricity before and after the encounter will be dif-
ferent. If we assume that the initial energy and angular
momentum are Ei =
1
2Mηv
2
0 and Li = Mηbv0 respec-
tively, where η = µ/M , then the final energy and angular
momentum after the encounter will be Ef = Ei+∆E and
Lf = Li + ∆L. However, in Ref. [18] it was shown that
the angular momentum loss ∆L is proportionally much
smaller than the energy loss, i.e. ∆L/Li  ∆E/Ei, so
in what follows we will ignored it. Therefore, the initial
and final eccentricities, ei and ef , will be given by
e2i − 1 =
2EiL
2
i
G2µ(m1m2)2
=
v40 b
2
G2M2
, (34)
and
e2f − e2i =
2b2v20∆E
G2M2η
. (35)
The expression of the energy power spectrum of the
GW emission, as calculated in Ref. [20], is incorrect since
we have found that there is an unphysical pole for e = 2
due to the ive/2 terms in their expressions. Also, the
integral of the power over all frequencies does not give
the exact analytical result [20], so in what follows we
present the correct expressions. From Eq. (29) we can
see that in Fourier space the power is given by
P (ω) =
G
45c5
∑
i,j
|.̂..Qij |2
=
G
45c5
ω6
∑
i,j
|Q̂ij |2, (36)
where Q̂ij is the Fourier transform of the quadrupole mo-
mentum tensor Qij which is given in terms of the variable
ξ by
6Qij =
1
2
a2µ
 (3− e2) cosh 2ξ − 8e cosh ξ 3√e2 − 1(2e sinh ξ − sinh 2ξ) 03√e2 − 1(2e sinh ξ − sinh 2ξ) (2e2 − 3) cosh 2ξ + 4e cosh ξ 0
0 0 4e cosh ξ − e2 cosh 2ξ
 , (37)
where we have dropped some constant terms as they do
not affect the quadrupole tensor, as we can always ab-
sorb them by making a translation, and we have that
the variable ξ is related implicitly to the time and radial
coordinates, for ν0 =
√
a3/GM , by
t(ξ) = ν0(e sinh ξ − ξ) , (38)
r(ξ) = a(e cosh ξ − 1) . (39)
The Fourier transform of Qij , i.e. Q̂ij , is obtained by
using the corresponding expressions for sinh ξ etc given
in Appendix A. Setting ν = ν0 ω and
Ĉij =
(
a2µ
2
pi
ω
)−1
Q̂ij . (40)
we can then write the power in term of the dimensionless
frequency ν as:
P (ω) =
G3µ2M2
a2c5
 pi2
180
ν4
∑
i,j
|Ĉij |2

=
G3µ2M2
a2c5
16pi2
180
ν4Fe(ν), (41)
where we have defined
Fe(ν) =
∣∣∣∣3(e2 − 1)e H(1)iν ′(iνe) + e2 − 3e2 iν H(1)iν (iνe)
∣∣∣∣2
+
∣∣∣∣3(e2 − 1)e H(1)iν ′(iνe) + 2e2 − 3e2 iν H(1)iν (iνe)
∣∣∣∣2
+
∣∣∣∣ iν H(1)iν (iνe)
∣∣∣∣2 + 18 (e2 − 1)e2 ×
×
∣∣∣∣ (e2 − 1)e iH(1)iν (iνe) + 1ν H(1)iν ′(iνe)
∣∣∣∣2 , (42)
Then, the total energy is
∆E =
∫ +∞
−∞
P (t)dt =
∫ +∞
0
P (ω)
pi
dω
=
(
G7/2µ2M5/2
c5a7/2
)
16pi
180
∫ +∞
0
ν4Fe(ν)dν . (43)
This expression can then be compared with the cor-
responding one in the time domain given by Eq. (30)
with the eccentricity dependence given by Eq. (32). We
have tested by numerically integrating Eq. (43) that
both Eq. (30) and (43) agree exactly for all values of
the parameters. Also, our expressions agree with in the
parabolic limit (e = 1) with those of Refs.[28, 29].
The power can be approximated at high frequencies
and small eccentricities by
ν4Fe(ν) ' 12Fy(ν)
pi y (y2 + 1)2
e−2νz(y) , (44)
Fy(ν) = ν
(
1− y2 − 3νy3 + 4y4 + 9νy5 + 6ν2y6) ,
z(y) = y − arctan y , y ≡
√
e2 − 1 , (45)
which has a maximum at
νmax(e) =
√
e+ 1
(e− 1)3 , ωmax(e) =
v0
b
(
e+ 1
e− 1
)
. (46)
It is easy to check that the maximum power in the time
and frequency domains coincide numerically in the whole
range of eccentricities e > 1.
Using (9.3.15 - 9.3.20) of Abramowitz & Stegun [30]
we can write
H
(1)
iν (iνe) '
2(e2 − 1)−1/4
i
√
2piν
e−νz(e) (47)
H
(1)
iν
′(iνe) ' 2(e
2 − 1)1/4
e
√
2piν
e−νz(e) (48)
Then, the integral over frequencies is∫ ∞
0
ν4Fe(ν)dν ' y(1275 + 673y
2)
2pi y7
(49)
+
3(425 + 366y2 + 37y4)arctan y
2pi y7
.
By taking the limit ν → 0,
lim
ν→0
H
(1)
iν (iνe) =
2i
pi
ln(νe) , (50)
lim
ν→0
H
(1)
iν
′(iνe) =
2
piνe
, (51)
we can find
lim
ν→0
ν4 Fe(ν) =
72(e2 − 1)
pi2e4
, (52)
which is finite and different from zero, except for e = 1
and e→∞. Then, the power for zero frequency becomes:
P (ω = 0) =
G3µ2M2
a2c5
32
(
e2 − 1)
5e4
. (53)
This result implies that even in the limit of zero fre-
quency there is energy emitted by the system, which is
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FIG. 5: Left: The power spectrum as a function of the dimensionless variable ν = ν0ω for various values of the eccentricity e.
We have normalized the power with respect to that of e = 1.8. As can be seen, the power does ont have a pole at e = 2, but
also is non-zero for v = 0. Right: Comparison of the approximate vs numerical value of the frequency at peak power. Clearly,
the agreement is excellent.
in fact in agreement with Ref. [31], where it was shown
that the cross-polarization state of GWs emitted by non-
spinning compact binaries in hyperbolic orbits exhibits a
memory effect for GWs, i.e. there is a non zero differ-
ence in the amplitude and hence energy emitted between
the two states at t = ±∞. This fact is another reason
of disagreement between our new expressions and those
of Ref. [20] which for zero frequency predict no emitted
power. When the eccentricity goes to either one or in-
finity, then the emitted power for zero frequency is again
zero as expected.
In the left panel of Fig. 5 we show the power spectrum
as a function of the dimensionless variable ν = ν0ω for
various values of the eccentricity e. We have normalized
the power with respect to tat of e = 1.8. As can be seen,
the power does ont have a pole at e = 2, but also is non-
zero for v = 0. On the right panel we show a comparison
of the approximate vs numerical value of the frequency
at peak power, with the approximate given by Eq. (46).
Clearly, the agreement between the two cases is excellent.
Finally, we can also define the characteristic strain hc
of the emission via the relation
dE
dt
∼ c
3d2L
4G
|h˙|2 ∼ c
5
4G
(
ωdLh
c
)2
, (54)
which implies
hc(z, ω) ' 1
dL(z)
√
4G
c3
P (ω). (55)
IV. PARAMETERS AND OBSERVABLES
For GW-bursts observations, there are five indepen-
dent parameters (M,µ, v0, b, R) and a derived one, the
eccentricity (1), while there are at least six observables
(∆t, ωmax, hmax, Pmax, shapehc(t), shapeP (ω)). There
are therefore more observables than parameters. In par-
ticular, there is a relation between observables that allows
one to obtain directly the values of some parameters and
constraints among them. For instance,
∆t ωmax(e) =
e+ 1
e− 1 h(e) , (56)
which allows one to deduce the eccentricity of the event
from its duration and its maximum emitted frequency,
both well defined observables, and then
R = c∆t
(
45
8
GPmax
c5 fmax(e)
g2max(e)
h2c,max
)1/2
, (57)
gives the distance to the event. The other observables
can be used to determine the rest of the parameters,
(M,µ, v0, b). For instance
b2
v20
=
G2M2
v60
(e2 − 1) , (58)
and
µv20 = R
hmaxc
2G
c4
gmax(e)
, (59)
together with
GM
v30
=
b
v0
√
e2 − 1 =
∆t
h(e)
√
e2 − 1 , (60)
will allow one to determine the ratio of the two masses
q = m1/m2 ≥ 1, from M/µ = (1 + q)2/q.
Moreover, the rate of events per unit volume can be
computed by first considering the individual collision rate
τind = nPBH vPBH σ, (61)
where
nPBH = δ
local
PBH ρDM/MPBH
= δlocalPBH ρc ΩDM/MPBH (62)
8is the number density of PBHs, δlocalPBH is the local density
contrast, ρc is the critical density and ΩDM ' 0.25 the
dark matter density, while vPBH is the relative velocity
of the PBHs and σ = pib2 the cross-section for an impact
parameter b. We then find that
τind = 1.57× 10−23
(
δlocalPBH
106
)(
vPBH
200 km/s
)
×
(
b
10−5AU
)2(
MPBH
30M
)−1
yr−1 (63)
and the total rate per comoving volume in units of Gpc3
is obtained by multiplying the total number of events in
the volume N = nV with the individual rate τind, or
Γtotal = nPBH τind V . Therefore,
Γtotal/V = n
2
PBH vPBH σ
= 16.3
(
δlocalPBH
106
)2(
vPBH
200 km/s
)(
b
10−5AU
)2
×
(
MPBH
30M
)−2
yr−1Gpc−3. (64)
This can also be re-written as
Γtotal/V =
9
64pi
H40
v30
(
δlocalPBH ΩDM
)2
(e2 − 1)
= 25.4 yr−1Gpc−3
(
δlocalPBH
108
)2
e2 − 1
β3
, (65)
for h = 0.7 and ΩDM = 0.25, which can be significantly
large for β  1. Finally, there is also a simple relation
for the total power
Pmax =
32
45
q2 β10
(1 + q)4
9 (e+ 1)
(e− 1)5
c5
G
, (66)
in units of c5/G = MP /tP = 3.6295 × 1059 erg/s =
9.3064 × 1025 L, which can be very large for close en-
counters (near-parabolic) and large velocities.
As mentioned in Sec. II we also impose constraints
on the impact parameter b so that the BHs remain un-
bound, and the impact parameter is larger than the
Schwarzschild radius Rs = 2GM/c
2 and we also con-
sider relative speeds v0 < 0.1 c, in order to remain in the
non-relativistic regime.
For comparison, in Fig. 6 we show the strain at differ-
ent redshifts for various velocities and impact parameters
for a PBH encounter with parameters M = 3M⊙, while
in Fig. 7 we show the AdvLIGO and LISA sensitivity
curves, together with the locus of peak frequencies, as
a function of impact parameter, log10(b/AU) ∈ [−6, 3],
for different PBH total masses, 3 − 106M, and a red-
shift to the source of z = 0.1. Finally, in Fig. 8 we
also show the parameter space accessible to LISA sensi-
tivities, in terms of the relative velocity β = v0/c and
the impact parameter b/AU.As an example we assume
the BH pair to be at a redshift of z = 0.1 and total
mass M = 2000M. The coloring scheme corresponds
to the characteristic timescale of the event, while the
dashed lines show the expected event rate in units of
events/yr/Gpc3, i.e. log10(Γ/V ). The band width is re-
lated to the sensitivity of the detectors, see Fig. 7.
V. CONCLUSIONS
We found that hyperbolic encounters of PBHs with rel-
ative velocities of the order of ∼ 0.1c, at distances of each
other ∼ 10−4 AU and at redshifts in the range z ∈ [0, 0.5]
would produce one-time GW bursts with frequency and
strains well within the sensitivity of the LISA experiment.
These events would have unique signatures, very different
from the usual in-spiralling stellar BHs, and would pro-
vide strong evidence in favor of the PBH paradigm. In
particular, the trajectory of the event within the sensitiv-
ity band is almost flat in strain/Sqrt(Hz) as a function of
frequency, see Fig. 4, and it has a well defined maximum
frequency.
Therefore, it will be possible to start seeing events
crossing the sensitivity band and then disappearing into
their noise, to later appear again, as the BH moves away
from the close encounter. It is a very different waveform
from BHB inspirals, one which can in principle be easily
detectable and distinguishable as a burst.
Furthermore, in this analysis we present corrected for-
mulas, for the power spectrum in terms of the frequency,
of hyperbolic encounters found in the literature and
explicitly show new exact and approximate expressions
for the peak frequency of the emission. We have tested
that the expressions for the power spectrum, when
integrated over all frequencies, give the well known
result for the energy loss in a hyperbolic encounter.
Numerical Analysis Files: The numerical codes
(Mathematica and Python) used by the authors in the
analysis of the paper can be found here.
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FIG. 6: The strain at different redshifts for various velocities and impact parameters for a PBH encounter with parameters
M = 3M⊙.
FIG. 7: The AdvLIGO and LISA sensitivity curves, together
with the locus of peak frequencies, as a function of impact
parameter, log10(b/AU) ∈ [−6, 3], for different PBH total
masses, 3 − 106M, and a redshift to the source of z = 0.1.
The low end of these values is compatible with µ¯ = 3M and
σ = 0.5 according to the analysis of Ref.[32].
Appendix A: Useful formulae
In our analysis we always follow the notation of Landau
and Lifshitz [33] for the Fourier transform:
f(t) =
1
2pi
∫ +∞
−∞
f̂(ω)e−iωtdω (A1)
f̂(ω) =
∫ +∞
−∞
f(t)eiωtdω (A2)
δ(ω − ω′) = 1
2pi
∫ +∞
−∞
f(t)e−i(ω−ω
′)tdt (A3)
Then, Parceval’s theorem can be proven easily as fol-
FIG. 8: The parameter space accessible to LISA sensitivities,
in terms of the relative velocity β = v0/c and the impact pa-
rameter b/AU.We assume the BH pair to be at a redshift of
z = 0.1 and total mass M = 2000M. The coloring scheme
corresponds to the characteristic timescale of the event, while
the dashed lines show the expected event rate in units of
events/yr/Gpc3, i.e. log10(Γ/V ). The band width is related
to the sensitivity of the detectors, see Fig. 7.
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lows:∫ +∞
−∞
|x(t)|2dt =
∫ +∞
−∞
1
2pi
1
2pi
·
∫ +∞
−∞
∫ +∞
−∞
f̂ f̂∗e−i(ω−ω
′)tdωdω′dt
=
1
2pi
∫ +∞
−∞
f̂ f̂∗dω
=
∫ +∞
0
|f̂ |2
pi
dω. (A4)
Some well known formulae related to the hyperbolic
trigonometric and Hankel functions are:
H(1)ν (z) =
1
ipi
∫ +∞
−∞
ez sinh(t)−νtdt, (A5)
sinh(nx) =
1
2
(enx − e−nx), (A6)
cosh(nx) =
1
2
(enx + e−nx) (A7)
and with them we can easily calculate the Fourier trans-
form of sinh as follows
̂sinh(nξ) =
∫ +∞
−∞
sinh(nξ)eiωt(ξ)dt
=
∫ +∞
−∞
sinh(nξ)eiωt(ξ)
dt
dξ
dξ
=
∫ +∞
−∞
sinh(nξ)
1
iω
d
dξ
eiωt(ξ)dξ
=
1
pii
pi
ω
 (· · · )︸ ︷︷ ︸
equal to 0
−n
∫ +∞
−∞
cosh(nξ)eiωt(ξ)dξ

= −npi
2ω
1
pii
∫ +∞
−∞
(enξ + e−nξ)eiωt(ξ)dξ
= −npi
2ω
1
pii
∫ +∞
−∞
(
eiων0(e sinh(ξ)−ξ)+nξ
+ eiων0(e sinh(ξ)−ξ)−nξ
)
dξ
= −npi
2ω
1
pii
∫ +∞
−∞
(
eiων0e sinh(ξ)−(iων0−n)ξ
+ eiων0e sinh(ξ)−(iων0+n)ξ
)
dξ
= −npi
2ω
1
pii
∫ +∞
−∞
(
eiνe sinh(ξ)−(iv−n)ξ
+ eiνe sinh(ξ)−(iv+n)ξ
)
dξ
= −npi
2ω
(
H
(1)
iν−n(iνe) +H
(1)
iν+n(iνe)
)
, (A8)
where we have set ν = ν0ω. Similarly, one can show that
̂cosh(nξ) =
∫ +∞
−∞
cosh(nξ)eiωt(ξ)dt
= −npi
2ω
(
H
(1)
iν−n(iνe)−H(1)iν+n(iνe)
)
.(A9)
Therefore, we have that
̂sinh(ξ) = − pi
2ω
(
H
(1)
iν−1(iνe) +H
(1)
iν+1(iνe)
)
(A10)
̂cosh(ξ) = − pi
2ω
(
H
(1)
iν−1(iνe)−H(1)iν+1(iνe)
)
(A11)
̂sinh(2ξ) = −pi
ω
(
H
(1)
iν−2(iνe) +H
(1)
iν+2(iνe)
)
(A12)
̂cosh(2ξ) = −pi
ω
(
H
(1)
iν−2(iνe)−H(1)iν+2(iνe)
)
(A13)
Using the identities
H(1)α (x) =
1
2
x
α
(
H
(1)
α−1(x) +H
(1)
α+1(x)
)
, (A14)
H(1)α
′(x) =
1
2
(
H
(1)
α−1(x)−H(1)α+1(x)
)
(A15)
and playing with the algebra we can show the following
identities for the Hankel functions:
H
(1)
α−1(x) +H
(1)
α+1(x) =
2α
x
H(1)α (x), (A16)
H
(1)
α−1(x)−H(1)α+1(x) = 2H(1)α ′(x), (A17)
H
(1)
α−2(x) +H
(1)
α+2(x) = 2H
(1)
α
′′(x)− 2
x
H(1)α
′(x) +
2α2
x2
H(1)α (x)
=
(
4α2
x2
− 2
)
H(1)α (x)−
4
x
H(1)α
′(x),
(A18)
H
(1)
α−2(x)−H(1)α+2(x) =
4α
x
H(1)α
′(x)− 4α
x2
H(1)α (x). (A19)
In terms of the dimensionless frequency ν and the ec-
centricity e the above can be written as
11
H
(1)
iν−1(iνe) +H
(1)
iν+1(iνe) =
2
e
H
(1)
iν (iνe) (A20)
H
(1)
iν−1(iνe)−H(1)iν+1(iνe) = 2H(1)iν ′(iνe) (A21)
H
(1)
iν−2(iνe) +H
(1)
iν+2(iνe) = 2H
(1)
iν
′′(iνe)− 2
iνe
H
(1)
iν
′(iνe) +
2
e2
H
(1)
iν (iνe)
=
(
4
e2
− 2
)
H
(1)
iν (iνe) +
4i
νe
H
(1)
iν
′(iνe) (A22)
H
(1)
iν−2(iνe)−H(1)iν+2(x) =
4
e
H
(1)
iν
′(iνe) +
4i
ve2
H
(1)
iνe(iνe) (A23)
and combining the above we finally get,
̂sinh(ξ) = − pi
2ω
(
2
e
H
(1)
iν (iνe)
)
(A24)
̂cosh(ξ) = − pi
2ω
(
2H
(1)
iν
′(iνe)
)
(A25)
̂sinh(2ξ) = −pi
ω
((
4
e2
− 2
)
H
(1)
iν (iνe) +
4i
νe
H
(1)
iν
′(iνe)
)
(A26)
̂cosh(2ξ) = −pi
ω
(
4
e
H
(1)
iν
′(iνe) +
4i
ve2
H
(1)
iνe(iνe)
)
(A27)
Using the formulae 9.3.15-16 and 9.3.19-20 of
Abramovitz and Stegun [30], we also find the following
very useful approximations:
H
(1)
iν (iνe) ' −i
√
2
piν
1
4
√
e2 − 1 e
ν(sec−1(e)−
√
e2−1)
·
(
1− M1
ν
+
L2
ν2
)
, (A28)
H
(1)
iν
′(iνe) '
√
2
piν
4
√
e2 − 1
e
eν(sec
−1(e)−√e2−1)
·
(
1 +
O1
ν
− N2
ν2
)
, (A29)
where we have set
M1 =
5 cot3(β) + 3 cot(β)
24
, (A30)
L2 =
385 cot6(β) + 462 cot4(β) + 81 cot2(β)
1152
, (A31)
O1 =
7 cot3(β) + 9 cot(β)
24
, (A32)
N2 =
455 cot6(β) + 594 cot4(β) + 135 cot2(β)
1152
, (A33)
cot(β) =
1√
e2 − 1 . (A34)
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